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ABSTRACT 23 

Post-installed epoxy-bonded shear reinforcement is a promising technique to increase shear 24 

capacity of reinforced concrete structures. However, the behavior of epoxy-bonded bars largely 25 

affects the shear strengthening efficiency. To better predict the behavior of epoxy-bonded bars, a 26 

bond model is developed in this paper. This model appears to adequately predict the behavior of 27 

epoxy-bonded bars observed in experimental pull-out tests and beam loading tests. Based on 28 

numerical results, a simplified model is proposed to predict the epoxy-bonded bars stress 29 

according to the crack width. It appears that the behavior of long embedded bars is similar to 30 

stirrups, in terms of crack width and bar stress. However, a large diagonal crack is required to 31 

reach the bar yielding strength when the bar embedment length is below a transition length, 32 

which differs to stirrups. Embedment length below the epoxy-bonded bar development length 33 

leads to pullout failure and bar capacity lower than the bar yielding strength. 34 

Keywords: Epoxy-bonded bar, bond behavior, shear reinforcement, crack width, modelling 35 

INTRODUCTION 36 

The brittle shear failure of the Concorde overpass in Laval, Canada in 2006 demonstrated the 37 

susceptibility of older thick slabs without shear reinforcement to brittle shear failure 1, 2. A 38 

promising shear strengthening method for existing thick concrete slabs consists of inserting 39 

reinforcing bars into appropriately spaced pre-drilled vertical holes in the concrete and anchoring 40 

the bars with high-strength epoxy adhesive. This technique involves choosing a bar size as well 41 

as the spacing along the span and transverse to the span. Experiments have demonstrated that the 42 

shear capacity can be greatly increased using this technique 3-5. However, it is necessary to adjust 43 

the predictions using current shear design methods for members containing conventional shear 44 
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reinforcement (stirrups installed before concrete casting) in order to predict the shear capacity of 45 

members with post-installed epoxy-bonded bars. The behavior of post-installed, epoxy-bonded, 46 

shear reinforcing bars differs from the ideally anchored cast-in-place stirrups. Assuming that the 47 

epoxy-bonded bars are ideally anchored can result in an overestimation the shear capacity by 48 

about 30% 3-5.  49 

Fig. 1 shows the typical shear cracking pattern of a concrete member with shear reinforcement. 50 

Modern shear design codes consider that the member shear capacity is attributed to the tensile 51 

resistance of the diagonally cracked concrete, the interface shear resistance along the crack and 52 

tension in the transverse reinforcing bars 6-8. The interface shear transfer along the inclined crack 53 

is a function of the crack width and the aggregate size. The maximum stress in the transverse 54 

reinforcing bars at the intersection of the crack with a particular reinforcing bar is a function of 55 

the crack width (related to the bar slip and the bond properties), the bar embedment length and 56 

the end anchorage conditions. In conventional reinforced concrete (RC) members with stirrups, 57 

stirrup hooks are designed so the stirrup yield strength can be developed resulting in well 58 

controlled crack widths and good aggregate interlock. For members strengthened in shear with 59 

post-installed epoxy-bonded bars, the diagonal shear crack location determines the bar 60 

embedment length, , and hence the bond strength may limit the stress developed in the 61 

transverse reinforcement. Experimental and analytical studies have shown that members 62 

reinforced with post-installed epoxy-bonded bars experience larger crack widths than members 63 

with stirrups; leading to an expected lower aggregate interlock 9. In addition, if the crack 64 

intersects the epoxy-bonded bar near its end, then a smaller stress is developed in the bar leading 65 

to a reduced shear resistance from the transverse reinforcement.  66 

RESEARCH SIGNIFICANCE 67 
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To better understand the behavior of members strengthened with drilled-in epoxy-bonded bars, 68 

this study compares the behavior of post-installed bonded bars to the behavior of conventional 69 

cast-in-place stirrups in terms of bond stress, bar slip, axial bar stress and development length. 70 

Bond-slip relationships are introduced into a detailed numerical model to compare the behavior 71 

of the two different types of shear reinforcement. Based on the detailed numerical results, a 72 

simplified model is proposed to predict the behavior of post-installed epoxy-bonded bars. The 73 

predictions using the detailed numerical model and the simplified model are compared with the 74 

behavior of post-installed epoxy-bonded shear reinforcement as well as the behavior of cast-in-75 

place stirrups observed from experiments3-5. Therefore, the proposed models can be used to 76 

predict shear carried by epoxy-bonded shear reinforcement in RC structures. 77 

BOND BEHAVIOR OF REINFORCING BARS 78 

Fig. 1 and Fig. 2a show a typical diagonal shear cracking pattern for a concrete beam with 79 

stirrups and epoxy-bonded bars. The diagonal shear cracks intersect transverse reinforcing bars 80 

resulting in tension in these bars. The behavior of a transverse reinforcing bar at a crack location 81 

may be regarded as two pullout tests, one on each side of the crack (Fig. 1). The relative slip 82 

between the transverse reinforcing bar and the surrounding concrete results in opening of the 83 

crack associated with the tensile stress in the reinforcing bar. There is a relationship between the 84 

crack width and the axial bar stress at a crack location, which can be determined from the bond 85 

behavior and the anchorage condition of the bar. To determine this relationship, Fig. 2b 86 

represents the bond behavior of an epoxy-bonded bar. Typically, the bar slip is defined by the 87 

relative displacement between the bar and the surrounding concrete. Along the incremental 88 

length, dx , of a reinforced concrete element the variation of the bar slip, ds , is defined by Eq. 89 

(1) as the difference between the steel strain, s , and the concrete strain, c
10. 90 



5 

 

 ( )s cds dx = −   (1) 91 

From equilibrium in Fig. 2b, the relation in Eq. (2) between the concrete axial stress, cf , the steel 92 

stress, sf , and bond stress,  ,can be determined, where s  and bd  are the reinforcement ratio 93 

and the bar diameter, respectively. 94 

 
4c

s

s b

df
df dx

d



= =   (2) 95 

Eq. (1) and (2) lead to the differential equation of bond as follows, where n  is the ratio between 96 

the steel and concrete moduli ( /s cE E ).  97 

 ( )
² 4

1 0
²

s

b

d s
n

dx d
 − + =   (3) 98 

Balazs10 and Lee & al.11 numerically solved Eq. (3) to study the bond behavior of cracked RC 99 

members and to adequately predict the crack spacing, crack width and tension stiffening effect. 100 

Mahrenholtz12 also used this approach to predict the behavior of RC column-to-foundation 101 

connections built with post-installed epoxy-bonded bar. A similar approach is used in this paper 102 

to study the bond behavior of epoxy-bonded shear reinforcing bars in RC members and to 103 

account for different adhesive behavior and boundary conditions. Fig. 2 illustrates the expected 104 

variation of bond stress,  , bar slip, s , and axial bar stress, sf , along the length of different 105 

types of embedded bars and boundary conditions. 106 

Fig. 2c and d show a straight bar without end anchorages as for an epoxy-bonded bar. For that 107 

type of bar, the bar undergoes tension at the shear crack inducing bar axial stress, sf , at x =  108 

and a slip, s . The slipping between the bar and the concrete activates the bond stress,  , and the 109 
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axial stress, 
sf , decreases along the bar. If there are no further cracks intersecting the embedded 110 

bar as illustrated in Fig. 2c, the free bar extremity ( 0x = ) is free to move (
0s  ≥ 0) and 111 

consequently, the entire axial stress has to be transferred by bond from the bar to the surrounding 112 

concrete ( 0sf  = 0). Midway between two consecutives cracks ( x  = 0), the bar is pulled in two 113 

opposite directions so that the maximum axial bar stress sf  decreases between the cracks and is 114 

minimum (
0sf  ≥ 0) with the slip 0s  = 0. The resulting expected distributions of bar axial stress, 115 

slip and bond are shown in Fig. 2d and are representative for both a bar with and without end 116 

anchorages (i.e. stirrups and post-installed bonded bars).  117 

For the hooked bar shown in Fig. 2e, the bar experiences maximum tension at the shear crack 118 

and the well-anchored extremities are typically capable of developing a significant axial stress 119 

with a relatively small displacement ( 0s  ≈ 0 and 0sf  > 0) 13-16. Fernández Ruiz & al.17 proposed a 120 

model to estimate the bar slip according to the bar stress that can be used for cast-in-place 121 

hooked bars. This model results in Eq. (4) for the elastic behavior of a bar (
0s yf f ) and proved 122 

to adequately estimate the end anchorage slip, 0s , corresponding to the bar stress, 0sf , for three 123 

different hooked conditions as illustrated in Fig. 3. 124 

 
2/3 0

0s c s

b

s
f k f E

d

 
=  

 
  (4) 125 

In this equation, k  = 5 for MPa and k  = 26.3 for psi. In order to numerically solve Eq. (3), an 126 

embedded bar is divided in a series elements and is solved with the flow chart presented in Fig. 127 

4. For a specified applied axial stress and slip ( sf  and s  at a bar loaded end), the axial stress 128 

and bond stress as well as the slip along the bar are determined from the loaded end to the bar 129 
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extremity using Eq. (1) and (2) using appropriate material properties. The axial stress and slip 130 

determined at the bar unloaded end (
0sf  and 

0s ) are compared with the boundary conditions for 131 

convergence purposes.  132 

MATERIALS BEHAVIOR 133 

In the context of shear strength of RC members, bar capacity is limited to the bar yield strength 134 

according to Eq. (5), where, sE  and 
yf  are the Young’s modulus and the steel yield strength, 135 

respectively. However, in the detailed numerical analysis (Fig. 4), steel hardening is considered 136 

with Eq. (6), where shE , sh , u  and uf  are the strain hardening modulus, the hardening strain 137 

(end of the yield plateau), the ultimate strain and the ultimate strength, respectively. For the 138 

concrete material, small strain is expected and the concrete behavior is considered linear elastic. 139 

If not specified,
'6900 3000c cE f= +  where '

cf  is the concrete compressive strength in MPa 7 (140 

'1000 36c cE f= +  for '

cf  in psi and 
cE  in ksi) 141 

 
s s s yf E f=    (5) 142 

 
( )

( ) ( )

0

sh u sh u yE f f

u s
u y u sh s u

s u sh

s u

f f f
f

 

 
  

 

 

− −  −
 + −   =  − 




  (6) 143 

For the detailed numerical analysis, the bond-slip relationship used for cast-in-place bars and 144 

post-installed epoxy-bonded bars is presented in Fig. 5a by a solid curve according to Eq. (7) and 145 

(8) 12, 18, 19. This relationship is based on the following parameters: 1s = 0.8 mm (0.032 in), 2s = 1.8 146 

mm (0.071 in), 3s  = Rs , R  = 2, b  = 
0y b , 

f  = 0.4 b , seck  = 1/b s , 1k  = ( ) sec0.8 20 Rf k+ , 2k  147 
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= ( ) sec0.22 2 0Rf k−   and 
refs  = ( ) ( )1 2 1 2/secs k k k k− − , where Rs  is the ribs spacing and Rf  the 148 

relative ribs area 20. For cast-in-place reinforcing bars,
0.8 '

0 20b R cf f =  MPa (
0.8 '

0 240b R cf f =  149 

psi) while 0b  has to be experimentally determined with pullout tests for epoxy-bonded bars. The 150 

bond-slip relationship presented by a dashed curve in Fig. 5a will later be introduced for a 151 

simplified bond analysis. This parametric model was developed to consider different types of 152 

bond behavior. 153 

 

1/

2 2
2

1 1

1 1
ref re

R
R

ref b

f

k ks s
if s s

s k k s
  

−        = + − +                  

  (7) 154 

 ( ) 2
2

3 2

b b f f

s s
if s s

s s
    

 −
= − −   

− 
  (8) 155 

 
1

1/

2 2 1

1 1

/

1 1

ref

ref b R
R

ref

s s

k k s

k k s

 
−

=
   
 + − +          

  (9) 156 

For high tensile strain in reinforcing bars, the bond is reduced by the lateral contraction of the 157 

bar. To take into account this effect, it is suggested to reduce as follows the bond strength by the 158 

factor 
y  (Fig. 5b) after bar yielding occurs: 159 

 1 1 exp 5 1

b

s y

y

u y

 


 

   −
   = − − −     −   

  (10) 160 
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Where 
y  is the yielding strain ( /y y sf E =  ), ( )

2

2 u yb f f= −  and   = 0.85 for cast-in-place 161 

reinforcing bars 6, 18. 162 

DETAILED NUMERICAL MODEL VALIDATION 163 

Cast-in-Place Bars 164 

To validate the detailed numerical model, the predictions made with this model are compared 165 

with the results of tests performed on cast-in-place anchorages (steel to concrete interface). Fig. 6 166 

illustrates the results from a test carried out by Kankam21 and Fig. 7 presents experimental results 167 

of pullout tests carried out by Shima & al.22 for there different types of steel reinforcing bar 168 

(steel type SD30, SD50, SD70). The predictions made with the detailed numerical model agree 169 

very well with the experimentally determined strains, s  along the cast-in-place bars before and 170 

after yielding (Fig. 6b and Fig. 7c). The relationship between the applied stress, sf , and the bar 171 

loaded slip end, s , and loaded end strain, ( )s x = , are also well predicted by the detailed 172 

numerical model.  173 

Epoxy-Bonded Bars 174 

Fig. 8 shows the results from forty-three (43) pullout tests carried out by Villemure & al.23 to 175 

investigate the behavior of post-installed epoxy-bonded bars with different embedment lengths, 176 

 = 2 bd , 4 bd  and 5 bd . The reinforcing bars had a yield stress,
yf , of 456 MPa (66.1 ksi) and an 177 

ultimate strength, uf , of 560 MPa (81.2 ksi). The tests were carried out with an average 178 

measured concrete compressive strength, 
cf
 , of 41.6 MPa (6030 psi). All the tests failing by 179 

debonding before bar yielding enabled the determination of the epoxy adhesive bond strength (180 

0b =  32.5 MPa (4700 psi)).  181 
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Fig. 8b presents the bond stresses determined from the measured slips and compares these values 182 

with the predictions. The maximum capacities of the epoxy-bonded bars (
,s maxf ) are presented in 183 

Fig. 8c and are compared with the numerical predictions. It can be seen that the bar development 184 

length, 0d , required to fully develop yf  is about 56 mm (2.205 in) for these tests. Also, a very 185 

good match is found between the experimental and predicted responses for  = 2
bd  (Fig. 8b and 186 

c). For bars experiencing yielding (4
bd  and 5

bd ), Fig. 8c shows that the numerical model 187 

predictions do not adequately predict the responses using the bond modification factor   of 188 

0.85, typically used for cast-in-place reinforcement (Eq. (10)). The experimental results indicate 189 

that the epoxy-bonded bars with  = 5 bd  have ruptured before debonding. By using   = 0.85, 190 

the numerical model predicts debonding of these bars and maximum capacity of about one half 191 

of the experimental capacities ( , ,/smax calc smax testf f  avg = 0.60, CoV = 0.44). On the other hand, the 192 

predictions omitting 
y  (  = 0 in Fig. 8c) overestimate the capacities of bonded bars with  = 193 

4 bd  (
, ,/smax calc smax testf f , avg = 1.18, CoV = 0.43). A good match with experimental results is 194 

found in Fig. 8c with   = 0.20 (avg = 1.04, CoV = 0.32). This suggests that the bond strength of 195 

epoxy-bonded bars is not as affected by steel yielding as cast-in-place reinforcement. This can be 196 

attributed to the increased bond strength for the epoxy-bonded bars (i.e. chemical adhesion and 197 

materials behavior 12, 24).  198 

SIMPLIFIED MODEL FOR EPOXY-BONDED BARS 199 

Based on the detailed numerical model, a simplified model is developed for post-installed epoxy-200 

bonded bars in RC structures. Fig. 9 presents the axial bar stress, the slip and the bond stress 201 

along an epoxy-bonded bar (materials properties from the tests of Villemure & al.23) for different 202 
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embedment lengths of 0d , 2 0d  and 10 0d , where 0d  is the bar development length 203 

determined as follows: 204 

 0

04

y b

d

b

f d


=   (11) 205 

For  = 0d , Fig. 9 shows that the bond stress is about constant along the bar and it reaches the 206 

bond strength, 0b . Consequently, the bar slip is constant along the bar and it reaches 1s  (see Fig. 207 

5 for the definition of 1s ). For a longer embedment length of 2 0d , a smaller slip of about 0.2 1s  208 

or less may be observed along the bar. The simplified model needs to account for the difference 209 

in behavior for short and long embedment lengths.  210 

Plastic Behavior (P) for Short Embedment Lengths 211 

A bar with a short embedment length has a constant bond stress along . The bond stress   212 

becomes independent of x  and, by neglecting c  (much smaller than s ), Eq. (3) can be solved. 213 

For the free extremity boundary conditions (see Fig. 2b), the following equations can be 214 

determined, where the bond stress   is constant along the bar and determined with the bond-slip 215 

relationship given by Eq. (7). 216 

 
2 22

( ) ( )P

b s

s x s x
d E


= + −   (12) 217 

 
,

4
( )s P y

b

x
f x f

d
=    (13) 218 

A simplified bond stress-slip relationship may be adopted as given by Eq. (14) 25, where 
bp  may 219 

be estimated as ( )
1

0.7 18 Rf
−

+  (for the tested epoxy adhesive bonded bars, 
bp  ≈ 0.35), and dk  = 220 

1 before debonding ( s  < 2s ).  221 
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 1 expb d

bp

s
k 



 −
−  



= 


  (14) 222 

When s  reaches 2s , debonding occurs and the bond stress from Eq. (14) needs to be reduced by 223 

multiply by the following coefficient.  224 

 
2

3 2

0.4
1 0.6

1
d

s s
k

s s

  −
= −  

−  
  (15) 225 

Combining Eq. (13) to (15) leads to the following equation to determine the applied bar stress, 226 

sf , according to the bar loaded end slip, s . 227 

 
4

1 exps

b bp

b d s
f

d

k



 −
= −   

 

  (16) 228 

Elastic Behavior (E) for Long Embedment Lengths 229 

For embedment lengths larger than 2 0d , a small slip is expected ( s  < 
refs ) along the bar up to 230 

bar yielding (Fig. 9). In such cases, the bond-slip relationship is about linear (see Fig. 5) and may 231 

be expressed by Eq. (17). By neglecting c , Eq. (3) can be solved to determine the slip and axial 232 

bar stress along the bonded bar.  233 

 1 ( )k s x =   (17) 234 

In the case of a bar with free extremity boundary conditions (i.e. bar end stress ,0sf  = 0 and 235 

bonded bar extremity is free to move, 0s  > 0, see Fig. 2b), the solution leads to the simplified 236 

model EF given by Eq. (18) and (19) as follows:  237 
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( )

( )

exp 2 / 1
( ) exp

exp 2 / 1

k

EF

k k

xx
s x s

 + −
=   

+   

  (18) 238 

 
( )

( )
,

exp 2 / 1
( ) exp

exp 2 / 1

ks
s EF y

k k k

xE x
f x s f

 − −
=   

+   
  (19) 239 

For a bar between two cracks, the bonded bar boundary conditions (i.e. bar stress and bar slip 240 

between two cracks are respectively ,0sf  > 0 and 0s  = 0, see Fig. 2c) lead to the model EC given 241 

in Eq. (20) and (21) as follows: 242 

 
( )

( )

exp 2 / 1
( ) exp

exp 2 / 1

k

EC

k k

xx
s x s

 − −
=   

−   
  (20) 243 

 
( )

( )
,

exp 2 / 1
( ) exp

exp 2 / 1

ks
s EC y

k k k

xE x
f x s f

 + −
=   

−   
  (21) 244 

In the previous equations, the length 
k

 is defined as follows: 245 

 

14

b s
k

d E

k
=  (22) 246 

For a large ratio of / k  (about larger than 1), the right-hand term in brackets of Eq. (18) to (21) 247 

is close to 1 and the stress at the bar loaded end can simply be determined by Eq. (23), for free 248 

bar extremity boundary conditions and between two cracks. Therefore, this equation gives a 249 

relationship between the applied stress, sf , and the bar loaded end slip, s , as given by: 250 

 
,s E s y

k

s
f E f=    (23) 251 

Transition Between E and P Behaviors 252 
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The transition length 
t
 between the plastic (P) and elastic (E) behaviors is determined according 253 

to the slip corresponding to yield of the bar, 
ys . From Eq. (16) and (23), 

ys  can be determined for 254 

each type of behavior, with Eq. (24) and (25) as follows: 255 

 

2

, 2 2

0

lny P bp

d

s 
 

=  
− 

  (24) 256 

 
,

y

y E k

s

f
s

E
=   (25) 257 

By comparing Eq. (24) and (25), the transition between the two types of behavior can be 258 

evaluated using Eq. (26). Typically, t  varies between 1.3 and 2.3 0d  for epoxy-bonded bars. 259 

 0

exp

exp 1

k y

bp s

t d

k y

bp s

f

E

f

E





 
  
 =

 
−  

 

  (26) 260 

Fig. 10a compares the slip 
ys  for different embedment lengths as well as their stress-slip 261 

behavior based on the simplified model with the detailed numerical model predictions. The steel 262 

properties correspond to the properties of the bars tested by Shima & al.22 and Villemure & al.23. 263 

The transition length corresponds to the intersection between the predicted values of 
ys  264 

determined from elastic and plastic behavior. By looking at the numerical predictions, it can be 265 

seen that a small variation of embedment length significantly affects 
ys  for a short embedded 266 

bars (  ≤ t ), but the large variation of the bar slip ys  is well predicted by the plastic behavior of 267 

the simplified model, 
,y Ps . For  > t , ys  is about the same for any embedment length and is 268 

well predicted by the elastic behavior of the simplified model, 
,y Es .  269 
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Fig. 10b compares the axial stress, 
sf , as a function of the loaded end slip, s , predicted by the 270 

detailed numerical model and the simplified model. It can be seen that the plastic behavior of the 271 

simplified model provides accurate prediction of the behavior for  < t , while the elastic 272 

behavior of the simplified model is more appropriate for  ≥ 
t
. 273 

BEHAVIOR OF BARS AT SHEAR CRACKS 274 

Behavior of an Epoxy-Bonded Bars in Beams 275 

Straight epoxy-bonded bars can exhibit bar yielding, bar rupture and bar debonding. An 276 

additional failure mode needs to be considered to account for concrete breakout. In beams, 277 

epoxy-bonded shear reinforcement can experience a concrete cone pullout failure for short 278 

embedment lengths beyond the crack locations . To consider this failure mode for an epoxy-279 

bonded bar, Eligehausen & al.26 proposed to limit the uniform bond strength as follows:  280 

 
4.7

b c

b

f
d

    (27) 281 

To consider a concrete cone failure at a crack location in a beam, the embedment length is 282 

divided into a concrete cone length, c , and an effective embedment length c−  as illustrated 283 

in Fig. 11 27-29. After the formation of the concrete cone, the load transferred to the concrete as 284 

well as the bond stress along c  can be taken as zero. The length c  is determined so that the 285 

average bond stress along 
c−  respects Eq. (27). By considering Eq. (27), the average bond 286 

strength at the bar yielding 
by  and the development length d  can be determined from Eq. (28) 287 

and (29), respectively. 288 
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4

y b

d

by

f d


=   (29) 290 

Axial Bar Stress at a Shear Crack 291 

A typical shear cracking pattern in a RC member showing the intersection of an inclined crack 292 

with a transverse reinforcing bar is illustrated in Fig. 1 and Fig. 12. Typically, the angle of the 293 

shear crack,   varies between 30° and 60° and the inclined crack spacing, ms  , is about 300 mm 294 

(12 in) for members with shear reinforcement 30, 31. The crack width typically decreases from the 295 

crack width at the surface of the concrete, w ,  to the crack width at the level of the bar,  , with 296 

w  being about 1.3  32. At maximum shear capacity,   is about half of   32-34 and the vertical 297 

displacement at a crack, 
yu , is represented by Eq. (30).  298 

 ( )cos 0.5sin
1.3

y

w
u  = +   (30) 299 

For a typical RC member where   varies between 30° and 60°, w  ≈ 1.3
yu  and 2  can be 300 

estimated as half the vertical crack spacing  and is somewhat greater 150 mm31 (6 in ,see Fig. 301 

12a). By neglecting the elongation of the bar between crack faces, the slippage 1s  and 2s  of a 302 

vertical bar also equals 
yu  (see Fig. 12b). For a given bar stress at a crack, scrf , the slip on each 303 

side of the crack can be determined from Eq. (12) to (23). Three types of likely cracks in a shear 304 

strengthened RC member are illustrated in Fig. 12 with associated bar stress
,1scrf , 

,2scrf  and
,3scrf305 

. For the diagonal crack C1 and C2, Eq. (23) can be used since 1  > t  and the stress at cracks, 306 

,1scrf  and 
,2scrf , may be determined from Eq. (31).  307 
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  (31) 308 

For the crack C3 in Fig. 12, the behavior of the upper part of the shear reinforcement 2  is 309 

limited by the boundary conditions between cracks ( sf  determined from Eq. (23)) while the 310 

behavior of the lower part 3  is controlled by the short unconfined bonded bar (  < t  and sf  311 

determined with Eq. (13)). The stress at this crack 
,3scrf  is therefore determined from the crack 312 

width for a typical RC member ( w  ≈ 1.3
yu ) from Eq. (32), where 

b  is limited by Eq. (27). To 313 

determined the debonding coefficient, dk , it can be assumed that the bar slip along 2  is 314 

negligible when debonding occurs and s  can be replaced by w /1.3 from Eq. (15).  315 

 
,3

,3

0.774
1 exp

scr k sb d
scr y

b s bp

f wEk
f f

d E





 −
= −   

 

  (32) 316 

Comparison of Behavior of Epoxy-Bonded Bars and Stirrups 317 

Fig. 13 shows the behavior of post-installed epoxy-bonded shear reinforcement in terms of the 318 

axial bar stress as a function of the crack width determined from Eq. (31) and (32). Fig. 13 also 319 

compares the simplified model predictions to the detailed numerical predictions.  320 

It can be seen that the simplified model provides a good prediction of the shear reinforcement 321 

behavior at a crack location compared to the detailed numerical model. For  = 60 mm (2.36 in), 322 

a large crack ( w  > 1.4 mm, 0.055 in) is required to reach the maximum axial bar stress at the 323 

crack. For this short embedment length, the maximum stress is less than 
yf . With a crack width, 324 

w , larger than 2.5 mm (0.098 in), the detailed numerical analysis predicts progressive debonding 325 

of the bar and consequently decreasing axial bar stresses. For a longer embedment length of 150 326 
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mm (5.91 in), the bar is predicted to have a stiffer response with the bar experience yielding at a 327 

crack width of 0.43 mm (0.017 in). 328 

Fig. 14 indicates the predicted crack width at the maximum bar stress, 
,fs maxw , as a function of 329 

the embedment length for epoxy-bonded bars (Eq. (31) and (32)) in confined and unconfined 330 

conditions. These predictions are also compared with the predicted response for stirrups. For a 331 

very short embedment length, a large crack width 
,fs maxw  is required and debonding occurs.  332 

When  equals d  in unconfined conditions, or when  equals 0d  in confined conditions, the 333 

epoxy-bonded bar yields without pullout. By comparing the bonded bar with the stirrups 334 

behavior illustrated in Fig. 14, it can be seen that 
,fs maxw  is larger for bonded bars than for 335 

stirrups for  < d . Between 0d  and t , ,fs maxw  significantly decreases and the crack width at 336 

bar yielding approaches the crack width predicted for stirrups for  > t . 337 

Comparison of Predictions with Results from Beam Tests 338 

The previously proposed simplified model can be used to analyse the behavior of post-installed 339 

unconfined bonded bars in shear strengthened RC members. This type of shear strengthening as 340 

well as cast-in-place stirrups were used in beams tested by Cusson4 and Provencher3. These 341 

beams were loaded up to shear failure and results were reported by Fiset & al.5. Fig. 15a presents 342 

the cracking pattern at shear failure and the location of the strain gauges on the shear reinforcing 343 

bars. Beam S1 contains cast-in-place stirrups and beams B1 and B2 contained post-installed 344 

epoxy-bonded shear reinforcement. For the shear reinforcement of these specimens, bd = 16 mm 345 

(0.630 in), Rs  = 0.6 bd  and Rf  = 0.12 and the average material properties were: sE  = 200 GPa 346 

(29000 ksi), uf  = 630 MPa (91 ksi), sh = 2%, u  = 18%, and 0b  = 32.5 MPa (4700 psi). 347 
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Additional information about the beams specimens can be found in Fig. 15a as well as in Fiset & 348 

al.5. Beams S1 and B1 were similar in terms of geometry and materials properties, but B1 349 

experienced a shear capacity about 4% lower than S1 and 7% lower than the predicted shear 350 

capacity for a member with stirrups according to the current standard CSA-S67. Beam B2 with 351 

bonded bars differs from beams S1 and B1 in terms of geometry and material properties. Its 352 

experimental maximum shear capacity was 22 % lower than the predicted capacity of a member 353 

with stirrups 7. 354 

From the measured bar strain, the experimental axial bar stress at a crack, scrf , may be 355 

determined. However since the strain gauges were rarely positioned at the shear crack location, 356 

Eq. (13) and (21) were used to extrapolate the strain at cracks to determine scrf  from Eq. (5) 357 

(without strain hardening). From Eq. (31) and (32), the bar stress at a crack may also be 358 

predicted according to the bar embedment length and the crack width. Fig. 15b presents the 359 

experimental and the predicted scrf  corresponding to the crack width. For comparison purposes, 360 

detailed numerical predictions are also presented.  361 

From Fig. 15b, it is observed that the detailed numerical model and the simplified model provide 362 

reasonable predictions of the shear reinforcement behavior. For beam S1 with stirrups, a small 363 

crack width intersects bars R2 and R3 when these bars yield. The behavior of these stirrups is 364 

well predicted by both models. For beam B1, the long embedment length of bar R3 enables the 365 

bar to reach its yield strength for a small crack width similar to that of the stirrups in beam S1. 366 

For bar R2 however, a small stress is observed due to the short embedment length at the lower 367 

bar extremity. The detailed numerical and the simplified models predict maximum stresses at a 368 
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crack of 75 and 74 MPa (10.9 and 10.7 psi) respectively, while a maximum bar stress of 95 MPa 369 

(13.8 psi) was determined from the measured strains.  370 

For the epoxy-bonded bars in beam B2 (Fig. 15b), the distance between the installed strain 371 

gauges and the diagonal crack is small. Fig. 15b shows that the bonded bar R3 reached its yield 372 

strength and the models provided good predictions. For bar R2, the maximum predicted bar 373 

stress at a crack is about 419 MPa (60.8 psi) and is close to the stress determined from the 374 

measured strains. At a crack width of about 1.2 mm (0.047 in), a secondary diagonal shear crack 375 

progressed and reached bar R2. This crack reduces by 22 mm (0.866 in) bar embedment length 376 

and caused a decreasing of the bar stress at the crack. By considering this cracking, bar pullout is 377 

well predicted by both models.  378 

CONCLUSIONS 379 

This paper presents a detailed numerical model used for predicting the bond behavior of post-380 

installed epoxy-bonded bars and cast-in-place bars in terms of bond stress distribution, bar stress, 381 

bar slip and crack width. Simplified equations were developed to determine the axial bar stress 382 

developed at a shear crack corresponding to the shear crack width. The following conclusions are 383 

made from this research study: 384 

1. Comparisons between the detailed numerical predictions, the results from simplified 385 

equations and the experimental pullout test results for cast-in-place reinforcing bars and 386 

epoxy-bonded bars indicated good agreement. 387 

2. For epoxy-bonded bars, pullout tests and detailed numerical models have shown that the 388 

effect of yielding of the bonded bars on the bond strength seems to be less significant than 389 
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for cast-in-place bars due to the different bond mechanisms. However, this effect on 390 

epoxy-bonded bars should be investigated further to determine a more accurate 
y   factor.  391 

3. Both the detailed numerical model and the simplified model showed that the behavior of 392 

epoxy-bonded bars is greatly influenced by the embedment length. For embedment lengths 393 

shorter than the development length, a large crack is required to reach pullout and the bars 394 

stress is less than the bar yield strength. For embedment lengths greater than the 395 

development length, but smaller than a transition length, bar yielding can be attained only 396 

in the presence of a large crack. For embedment lengths greater than a transition length, the 397 

behavior of epoxy-bonded bars is similar to the behavior of cast-in-place stirrups and both 398 

types of bars exhibit a similar crack width at yielding.  399 

4. Comparison of the predicted bar strain to the measured shear reinforcement strain in 400 

rectangular, simply-supported beams subjected to point loads, containing stirrups or post-401 

installed epoxy-bonded shear reinforcement showed good agreement. The simplified 402 

model predicted pullout of epoxy-bonded bars having short embedment lengths and 403 

yielding of these bars having greater embedment lengths, as observed in beams reinforced 404 

with epoxy-bonded shear reinforcement.  405 
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Fig. 14 - Crack width at maximum axial bar stress as a function of the embedment length for a 525 

stirrup and an epoxy-bonded bar (confined and unconfined conditions) (note: 1 mm = 0.0394 in, 526 

1 MPa = 145 psi) 527 

Fig. 15 - a) Cracking patterns and location of strain gauge in tested beams 5 and b), axial bar 528 

stress at cracks determined from experiments and predicted by the detailed numerical model and 529 

the simplified model (dimensions in mm, note: 1 mm = 0.0394 in, 1 MPa = 145 psi) 530 



a) b)Bonded shear reinforcement location

Diagonal shear cracking
Close-up of bonded bar pullout

Bond stress

Steel stress 
at crack

Bond stress

Fig. 1 – a) Typical shear cracking pattern of a member with shear reinforcement and b) close-up of a
bar pullout at shear crack location



e)

0

l

x

fs s �

fs0 > 0 s0  > 0 

fslsl{
0

l
x

c) fs

fs0 = 0

fslsl{ s

s0 >> 0

�

l

x

fs s �d) fslsl{

fslsl{l

0

x

fs0 > 0 s0 = 0

fcfs

fs+dfsfc+dfc

fc

fc+dfc

ds

dx

�c

�

�s

�

A
dh

es
iv

e

St
ee

l b
ar

C
on

cr
et

e
b)

case c) or e) case d)element in b)

a)

Fig. 2 – a) Different types of embedded bars and boundary conditions in a shear cracked RC member,
b) equilibrium of a bar element and expected axial bar stress, slip and bond stress distribution for c) a
straight epoxy-bonded bar, d) a bar between 2 stabilized cracks and e) a hooked stirrup



a)

0

0
15

0b)

Hooked 
bar

s0

fs0

Bent 
bar

fs0
s0

Tests results

kEs
s0
db

U-shaped

s0s0

fs0 fs0

f s0
f c'
2/
3

( 
 M

P
a)

0
41

40
f s0

f c'
2/
3

( 
 p

si
)

0.05s0 / db

Fig. 3 – a) Types of stirrup anchorage, b) comparison of Eq. (4) with experimental test results 15 on
U-shaped anchorages, bent bars and hooked bars ( fs0 ≤ fy)



Set sℓ 

Determine dfsi and dfci along dxi 

with Eq. (2) 

Determine  si+1=si+dsi 

s0 ,  fs0

respect boundary 

conditions?

No

Yes

Last load step ?

Increase 

slip

No

Yes

End

Determine τ along the element dxi 

with the bond-slip curve

Set fsℓ 

Determine fsi+1 and fci+1 

with fi+1 = fi + dfi 

Determine the average strains εsi, 

εci and de termine dsi with Eq. (1) 

Last e lement ?

No

Yes

Fig. 4 – Flowchart for the detailed numerical model



Eq. (8)
Eq. (9)

�b

�f

�ref

sref s1 s2 s3

R

k1

k2

a)

0

1
� = 0.20

� = 0.85

�y �u

b)

Eq. (16)

Fig. 5 – a) Bond-slip relationship, b) bond strength reduction factor, Ωy, for a cast-in-place bar (α =
0.85) and for an epoxy-bonded bar (α = 0.20)



c)

Experimental
Detailed numerial model

0
0

300

Average strain(%)

f sℓ
 (

M
P

a)

0.12
0

43.5
f sℓ

 (
ks

i)

a)

*  Estimated as 1.2 times the minimum 
  specified by ASTM A996-2009
** Measured on cube 50 MPa (7200 psi)

150 X 150 mm²
(5.9 X 5.9 in²)

0

20
0 

m
m

7.
9 

in

x
x

fR = 0.090 *
fc' = 42 MPa **
       (6100 ksi)
Es = 200 GPa
       (29 ksi)

db = 25 mm 
       (1 in)

fsℓ

fsℓ
εs (x=ℓ)

εs (x=ℓ)
b)

0 1000

0.15

x (mm)

ε s
(%

)

Experimental
Detailed numerial model

0 3.94x (in)

Fig. 6 – Comparison of the detailed numerical model predictions with test results for a cast-in-place
bar 21: a) test setup, b) axial bar strain distribution at different load levels and c) relationship between
axial bar fs` and average strain



a)

*   Estimated with steel stress-strain curves 
     1 MPa = 145 psi ; 1GPa = 145 ksi

fy (MPa) 350 610 820
εsh (%) 1.65 1.40 0.60

fu (MPa) 540 800 910
εu (%) 12.0 10.0 5.00

Esh (GPa) 5.00 6.50 4.00*

*

SD30 SD50 SD70
ϕ

db = 19.5 mm
       (0.77 in)

97
5 

m
m

 (
38

.4
 in

)

x

0

19
5 

m
m

 
(7

.7
 in

)

Unbonded
length

fR = 0.085
fc' = 19.6 MPa
       (2840 psi)
Es = 190 GPa
       (27.5 ksi)
ϕ = 500 mm
       (19.7 in)

c)fsℓ

sℓ

b)

0
f sℓ

 (
M

P
a)

10
00

0 8sℓ (mm)

SD50

SD70

SD30

Detailed numerial model
Experimental

0
f sℓ

 (
ks

i)
14

5

SD30

SD50

SD70

575 975x (mm)
0

4

ε s
 (

%
)

ε s
 (

%
)

0

4

ε s
 (

%
)

0

4
22.6 38.4x (in)

Fig. 7 – Comparison of detailed numerical model predictions with test results on cast-in-place bars
22 a) test setup, b) axial bar stress response and c) axial bar strain distribution



a)

ℓ x

0

100

Unbonded
length

[mm]

db= 15.9 mm
fR = 0.125
sR= 9.6 mm 

Epoxy
adhesive

350
 

b)

0
40 ℓ = 5db

0 15sℓ (mm)0 15sℓ (mm) 0 15sℓ (mm)

ℓ = 4dbℓ = 2db

Experimental 
results

Detailed
 numerical 

model

fsℓ

sℓ

c)

20
0

60
0

f sℓ
m

ax
 (

M
P

a)

ℓ / ℓd0 0.5 1.5

α = 0

α = 0.20
α = 0.85

Bar rupture

Experimental 
ℓd0 = 56 mm
          (2.20 in)

f sℓ
 d

b 
/(

4ℓ
) 

(M
P

a)

0
58

00
f sℓ

 d
b 
/(

4ℓ
) 

(p
si

)

0 0.6(in)0 0.6(in) 0 0.6(in)

29
87

f sℓ
m

ax
 (

ks
i)

(1 mm = 0.0394 in)

Fig. 8 – Comparison of detailed numerical model predictions with test results on epoxy-bonded bars
23: a) test setup, b) average bond stress according to the bar slip and c) effect of the bar yielding on
the maximum epoxy-bonded bars capacities
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