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ABSTRACT 10 

The shear strengthening technique investigated in this paper consists of inserting steel reinforcing 11 

bars into holes drilled into a shear-deficient existing concrete member and bonding these bars to 12 

the concrete with high-strength epoxy adhesive. It is important to realize that current shear design 13 

methods are applicable to RC members with conventional stirrups and hence overestimate the 14 

shear capacity of members with epoxy-bonded bars. In order to overcome this difficulty, a shear 15 

design method for RC members strengthened with epoxy-bonded shear reinforcement is presented. 16 

The proposed method was developed considering the development of epoxy-bonded bars as well 17 

as the effect of crack width and aggregate interlock on shear capacity. The predicted shear 18 

capacities were compared with beam test results and provide accurate predictions. 19 

Keywords: Shear design, shear strength, steel bars embedded-through-section, analytical 20 

modelling, bond characteristics, shear strengthening, reinforced concrete. 21 

1 INTRODUCTION 22 

In North America, many reinforced concrete (RC) bridges were built during the ’60s and the ’70s, 23 

with thick concrete slabs being a widely used structural system. These structures consist of 24 

structural slabs, typically thicker than 500 mm without stirrups. However during the ’90s, it was 25 
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demonstrated that the maximum concrete shear stress of members without stirrups decreases when 26 

increasing member depth over 300 mm [1, 2]. In addition, material degradation as well as an 27 

increase of traffic loads may affect the adequacy of these aging bridges in resisting shear. 28 

Most of the shear strengthening techniques studied in the literature, such as Near-Surface 29 

Mounted bars (NSM) and Externally Bonded (EB) fabrics, plates and laminates, consist of 30 

installing shear reinforcement on the lateral faces of a member [3-23]. These techniques are 31 

effective in increasing the shear capacity of beams but are much less efficient for wide structural 32 

element applications, such as slabs. The embedment-through-section (ETS) technique illustrated 33 

in Fig. 1a consists of inserting reinforcing bars into pre-drilled holes and anchoring the bars to the 34 

concrete with high-strength epoxy adhesive [22-34]. Fig. 1b illustrates a member shear 35 

strengthened with different configurations of reinforcing bars embedded through the section. As 36 

illustrated, additional anchorage may be provided to the epoxy-bonded bar with a steel plate at the 37 

bar extremity and bearing on the member surface. Shear reinforcement may also be vertical or 38 

inclined with respect to the longitudinal member axis.  39 

 40 
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Fig. 1 – a) The installation steps of reinforcing bars embedded through section: (1) drilling of 41 

hole, (2) cleaning the hole, (3) injection of high-strength epoxy adhesive and (4) insertion of the 42 

reinforcing bar; b) examples of vertical and inclined bonded shear reinforcement configurations, 43 

with and without an anchor plate 44 

By testing beams strengthened in shear with epoxy-bonded steel bars embedded through the 45 

section, several authors have demonstrated the efficiency of this technique [26-33]. Barros and 46 

Dalfré [31] tested 300 mm deep beams with steel bars embedded through the full section depth 47 

and showed that the performance of ETS steel bars can be very similar to stirrups. Bédard [26], 48 

Cusson [27] and Provencher [28] used steel bars embedded through about 80% of the depths of 49 

the beams, which had depths varying from 450 mm to 750 mm, to strengthen thick beams. The 50 

shear capacities with steel ETS were increased up to 111% compared with beams without shear 51 

reinforcement. The authors observed some debonding of the embedded steel bars and their shear 52 

contribution was lower than that for traditional stirrups. The authors showed that the use of design 53 

equations from existing codes [35-38], developed for members with properly anchored 54 

conventional stirrups, results in an overestimation of the shear capacity of beams with epoxy-55 

anchored bars, as much as 48%. When used in members already containing stirrups, ETS steel bars 56 

can also significantly increase the shear capacity, but their performance decreases with the increase 57 

of the stirrups amount [31, 32]. A similar effect was noted by several authors studying beams shear 58 

strengthened with EB and NSM techniques as well as with ETS FRP bars [23, 39-41]. Current 59 

models [24, 34, 42] for predicting the contribution of ETS bars are discussed. A new model is 60 

developed in this paper based on the Modified Compression Field Theory [43] that accounts for 61 

the bond characteristics of the embedded steel bars and applies to members with and without 62 

stirrups.  63 
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2 RESEARCH SIGNIFICANCE 64 

Although the shear strengthening technique of RC members with steel reinforcing bars embedded 65 

through the section increases shear capacity, the utilisation of current design methods, specified 66 

for members with conventional shear reinforcement (stirrups), often leads to an overestimation of 67 

the shear capacity of such epoxy-bonded strengthened members. Therefore, current design 68 

methods for the shear capacity of members with embedded-through-section steel reinforcing bars 69 

need to be adjusted to accurately predict the effect of this type of reinforcement. A design approach 70 

is developed that accounts for the bond characteristics of steel bars embedded through the section 71 

by considering the influence of crack width and aggregate interlock on the behavior.  72 

3 THEORETICAL BACKGROUND 73 

3.1 Shear capacity of members 74 

Most of the methods specified by international codes (CSA A23.3, CSA S6, AASHTO LRFD, fib 75 

model code) [35-38] to determine shear capacity of RC members are based on the Modified 76 

Compression Field Theory (MCFT) [43]. It is noted that the design equations in CSA S6 are based 77 

on the MCFT with a simplification developed by Bentz and Collins [43-45]. The nominal shear 78 

capacity of a member, 
nV , (material resistance taken as 1.0) is determined from the concrete shear 79 

contribution, 
cV , and the transverse reinforcement shear contribution, 

sV , as follows: 80 

n c sV V V= +   (1) 81 

c c w vV f b d =   (2) 82 

( )cot cot sinv
s v y

d
V A f

s
  = +   (3) 83 
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In these equations, 
cf   is the concrete compressive strength, 

wb  is the width of the web and 
vd  is 84 

the effective shear depth (the greater of 0.9 d  or 0.72 h ), h  the member depth and d  the effective 85 

depth measured to the main tension reinforcement. In Eq. (3), s  is the stirrup spacing, 
vA  is the 86 

area of transverse reinforcing bars within a distance s , 
yf  is the yield strength of shear 87 

reinforcement,   is the angle between the inclined shear reinforcement and the longitudinal axis 88 

of the member and  is the angle of inclination of the diagonal compressive stresses to the 89 

longitudinal member axis. For members with shear reinforcement, the angle,  , is determined to 90 

allow stirrup yielding before concrete crushing in diagonal compression [45] as follows: 91 

29 7000 x = +   (4) 92 

Where the longitudinal strain at mid depth,
x , can be determined with Eq. (5). 93 

( )
0.5 cot 0.5

2

u v u u p po

x

s s p p

M d V N A f

E A E A




+ + −
=

+
  (5) 94 

Where 
uM , 

uV  and 
uN  are respectively the bending moment, the shear and the axial force 95 

(positive in tension) at the section, 
pA  and 

sA  are the area of prestressed and non-prestressed 96 

longitudinal tension reinforcement, respectively, 
pE  and 

sE  are the Young's moduli and 
pof  is 97 

the stress in prestressed reinforcement. To consider tensile stress in the diagonally cracked concrete 98 

and aggregate interlock at crack interfaces, Collins et al. [44] proposed determining   directly 99 

from principal tensile strain, 
1 , and average crack width, w , from Eq. (6) in SI units. 100 
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1

0.33cot 0.18

241 500 0.31
16 g

w

a





= 

+ +
+

 (6) 101 

Using Eq. (6) resulted in an iterative method not suitable for design purpose. Typically at shear 102 

failure, the concrete shear capacity is limited by aggregate interlock (right hand side of Eq. (6)) at 103 

the crack interfaces. Codes [35-38] adopted the following simplified equation proposed by Bentz 104 

and Collins [45] to determine   in SI units.  105 

0.4 1300

1 1500 1000x zes




  
=   

+ +  
 (7) 106 

The crack spacing parameter 
zes  is taken as 300 mm for members containing minimum shear 107 

reinforcement and respecting the maximum spacing requirements for the stirrups. For members 108 

without shear reinforcement, 
zes  is taken as 

dg vk d , where 
dgk = 35/(15+

ga ) ≥ 0.85. Comparing Eq. 109 

(6) and (7), the average crack width at shear failure of a member with shear reinforcement may be 110 

estimated from Eq. (8) in mm unit for members with shear reinforcement [45].  111 

0.2 1000 xw = +  (8) 112 

3.2 Behavior of bonded bars 113 

The previously presented shear design method was developed for stirrups. To consider the bond 114 

behavior of bonded shear reinforcement in shear design, the pull-out response of bonded bars 115 

embedded in concrete was investigated by many authors [46-54]. The typical bond-slip response 116 

of epoxy-bonded bars is presented in Fig. 2a, where 
1s  and 

2s  are the slips at the peak bond stress, 117 

and 
0bf  is the basic bond strength of the adhesive given by the manufacturer. Typically for 118 
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properly installed bonded bars, 
1s  = 0.8 to 1 mm, 

2s  = 2 mm [52-55]. To consider concrete 119 

breakout, the bond strength, 
bf , is limited as expressed by the following equation [53-55]. 120 

0

c

b b c

b

k
f f f

d






=    (9) 121 

10
0.30 tanh 1

115


 

 
 = +  

+ −  
  (10) 122 

 123 

Fig. 2 – a) Bond vs slip relationship and comparison to tests carried out by Villemure et al. [50] 124 

(2
bd  ≤  ≤ 4

bd ), b) axial bar stress at a crack according to the crack width and c), maximum 125 

value of bond stress, corresponding maximum axial bar stress and corresponding crack width as 126 

a function of the embedment length,  127 
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Where  is the embedded length and 
ck  is the concrete capacity factor defined by the codes and 128 

the adhesive manufacturer [36, 56, 57]. Typically, the average 
ck  = 14.7 and 

ck  = 7.0 with a 5% 129 

fractile, in SI units. The factor,
 , determined with Eq. (10) accounts for the reduction of the 130 

concrete breakout capacity for inclined bars crossed by diagonal cracks [55]. Considering that a 131 

steel plate can be used at a bar extremity to increase anchorage [58, 59], the development length, 132 

d
, of a bonded bar can be determined from Eq. (11), where 

byf  is the uniform bond strength at 133 

yielding of the bar given by Eq. (12) and 
ad  is the diameter of the anchorage plate if present, 

ad  134 

= 0 otherwise 135 

( )

2/3

1

4 1 0.667 /

y b

d

by a d

f d

f d

  
=      +  

 (11) 136 

2 2

3
0

40

c c y

by b

b

k f f
f f

d




=   (12) 137 

3.3 Bonded bar response at a shear crack 138 

Before yielding of a bonded bar, the axial bar stress at a crack, 
scrf , is a function of the available 139 

bar embedded length defined by the crack location and the crack width, w . As shown in Fig. 2b 140 

and in Fig. 2c, bonded bars may experience three typical types of behavior depending on the 141 

location of the crack [53]. For a crack located such that there is an embedded length, , longer 142 

than the transition length, 
t
, yielding of the bar occurs for a thin crack, 

byw , and the bonded bar 143 

stress at the crack can be determined from Eq. (13). For a crack located such that there is a shorter 144 

embedment length, 
t , bar pullout (

d ) or bar yielding (
d t  ) can occur for a large 145 

crack (Fig. 2c), and the axial bar stress at a crack can be determined from Eq. (14).  146 
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if t scr y y

by

w
f f f

w
 =    (13) 147 

( )
0

24
if 1 exp

2

w scr by yb d
t scr y

b y

k f w f wf k
f f

d f

 −
  = − 
 
 

  (14) 148 

In the previous equations, 
wk  is the ratio between the bar displacement at a crack and the crack 149 

width given by Eq. (15), which can safely be taken as 0.9 for vertical bars and 0.6 for bars inclined 150 

at 45°.  151 

( ) ( )0.75sin 0.5coswk    = + − +  (15) 152 

In this equation,   is the angle between the bars and the longitudinal member axis. The debonding 153 

factor, 
dk , the crack width at yielding, 

byw , and the transition length, 
t
, of the bonded bar may 154 

be determined from Eqs. (16) through (18) [51]. 155 

2
0.4

1
1.0

w
d

b

k w s
k

d

−
= − 


 (16) 156 

0

y b
by

w s

f d
w

k k E
=   (17) 157 

0.7

0 00.8 0.8 1b
t

d by w by

f

f k w

   
= +       

   

  (18) 158 
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In these equations, 
0k  and 

0  are two parameters defining the bond-slip curve. 
0k  can be 159 

estimated as 
0 12.5 /bf s  ≈ 40 to 80 MPa/mm and 

0  ≈ 0.45 mm for typical deformed rebars [53, 160 

60]. 161 

4 MEMBER RESPONSE 162 

Fig. 3 presents a bonded bar intersected by a shear crack. For this bonded bar, the bar embedment, 163 

, is defined by the crack location, 
crx , so that the bonded bar stress and the corresponding crack 164 

width can be determined from Eqs. (13) or Eq. (14) (see Fig. 2b) and plotted in Fig. 3. For 165 

comparison purposes, the response of a stirrup determined with the model proposed by Fernández 166 

Ruiz et al. [61] is also presented.  167 

Three zones may be identified (ZS, ZT and ZD) along the shear depth based on the typical 168 

behavior exhibited by the bonded bar at the crack (Fig. 2b). If the crack intercepts a bonded bar 169 

far from its extremities in a zone ZS (
t ), the bonded bar response is similar to a cast-in-place 170 

stirrup and a thin crack leads to the bar yielding. For an intermediate embedment in a zone ZT (171 

d t  ), to develop yielding a larger crack is required for a bonded bar than for a stirrup. The 172 

effect of this zone is however limited to a small portion of the member since debonding may limit 173 

the bonded bar capacity for a shallower embedment (
d ) in the zone ZD. For comparison, the 174 

response of stirrups is not affected by the bar embedment depth due to the anchorage performance 175 

and all stirrups may reach yielding in the presence of thin cracks [61-64]. 176 



 

 11 

 177 

Fig. 3- Development of a bonded bar stress and corresponding crack width, and comparison to a 178 

stirrup.  179 

In a member with shear reinforcement, the bar stress and the shear crack width affect the shear 180 

resistance mechanisms. Fig. 4 presents the response and the shear resistance mechanisms in a 181 

cracked reinforced concrete member with bonded shear reinforcement according to the critical 182 

shear crack width. The total shear transmitted by shear reinforcement, 
sV , corresponds to the force 183 

carried by every bonded bar intercepted by the diagonal shear crack, while the concrete shear 184 

capacity is determined from Eq. (2).  185 

As presented in Fig. 4 for a case with two bonded bars intercepted by a diagonal shear crack, the 186 

crack opening activates the bars. When all the bonded bars are intercepted in the zone ZS (
t  187 

for all bars in Fig. 4a), the bonded bars response is similar to cast-in-place stirrups. A small crack 188 

opening leads to the yielding of all bonded bars and the shear capacity 
sV  is similar to stirrups. 189 

Also, the difference between the crack widths corresponding to that 
sV  for a member with bonded 190 

bars and a member with stirrups, 
w , is small.  191 

When a bonded bar is intercepted in a zone ZT (
d t   for one bar in Fig. 4b), the crack has 192 

to open more to enable yielding of that bonded bar. By comparing to the response of a member 193 
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with stirrups, similar 
sV  is expected but difference between the corresponding crack widths, 

w , 194 

is larger.  195 

When a bonded bar is intercepted in a zone ZD (
d  for one bar in Fig. 4c), debonding may 196 

occur and limit the bonded bar shear capacity. In that case, the bonded bar shear capacity, 
sV , is 197 

lower than the capacity provided by stirrups. Also, the corresponding crack width is larger for a 198 

member with bonded bars than a member with stirrups, and the difference between crack widths, 199 

w , can be important in that zone.  200 

 201 

Fig. 4- Shear response of a member with bonded bars according to the critical shear crack width 202 

intercepting a bar in the zones a) ZS, b) ZT, and c) ZD 203 
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After the shear reinforcement reaches its maximum capacity, further increase in shear requires the 204 

activation of aggregate interlock (
cV  > 0) [2, 43-45, 65]. That activation is mainly influenced by 205 

the amount of flexural reinforcement, the applied shear and the crack orientation [66]. For a given 206 

crack location, similar beams with different types of shear reinforcement (bonded or stirrups) 207 

present parallel curves 
cV  versus w  and the difference in crack widths remains approximatively 208 

constant until shear failure occurs. This cracking behavior was experimentally observed by Fiset 209 

et al. [55]. Since a member with bonded bars may experience larger crack widths compared to a 210 

similar member with stirrups (Fig. 4), the resulting reduced aggregate interlock leads to a reduced 211 

concrete shear contribution, 
cV . 212 

5 PROPOSED DESIGN METHOD 213 

5.1 Shear contribution of steel reinforcing bars embedded through section (ETS) 214 

The proposed design method considers that a RC member loaded in shear typically contains many 215 

diagonal cracks randomly distributed in the web to determine the average shear capacity. This 216 

random cracking results in a distributed bonded bar contribution and corresponding crack widths 217 

as illustrated in Fig. 2 to Fig. 4. Within the shear depth, the average bonded bar axial capacity is 218 

illustrated by the shaded area in Fig. 3 and is lower than the bar yield stress due to the development 219 

of the bonded bar and the behavior presented in Fig. 4. This average stress is given by 
yf , with 220 

  characterizing the bonded bar efficiency.  221 

The efficiency factor,  , may be determined by integrating the axial bar capacity given by Eqs. 222 

(13) or (14) in the zones ZS, ZT and ZD. Typically, in the zone ZS, yielding of a bonded bar occurs 223 

for a thin crack width similar to the response for a stirrup (refer to Eqs. (17) and (25)). Since the 224 

angle   in Eq. (4) is selected to enable stirrup yielding, it can be considered that bonded bars 225 

develop their yield stress within this zone at shear failure. A similar assumption may be considered 226 
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for the zone ZT since its length is generally limited to a small portion of the member and the bar 227 

capacity is generally limited by steel yielding [53]. Within the zone ZD, it can be demonstrated 228 

from Eq. (14) that the average bar stress corresponds to 40% of the maximum bonded bar capacity. 229 

By considering that a bonded bar may exceed the shear depth (see Fig. 3) to reduce the effect of 230 

the zone ZD,   can be determined from Eq. (19). 231 

( )
2.5

0

sin sin
1 0.4 1 1 exp 0.2 1bar d a w

d by

v v d

k
k w w

d d

 




      
  = − − − − −    

       

  (19) 232 

Where w  is the average shear crack width, 
bar

 is the length of the bonded bar, 
d  refers to the 233 

summation of 
d

 determined at both the bonded bar extremities (Eq. (11)) and 
a  is the total 234 

length of the bar exceeding the shear depth (see Fig. 3) contributing to the anchorage and 235 

determined from Eq. (20).  236 

0

sin

v
a bar

d

d




 = − 

 
  (20) 237 

Considering Eq. (8), the average shear crack width at shear failure for a member with bonded shear 238 

reinforcement may be estimated from Eq. (21) in mm unit. 239 

0.2 1000
x w

w = + +  (21) 240 

Where 
w  is the difference between the average crack width for a member with bonded bars and 241 

a member with stirrups (see Fig. 4). From Eq. (3) and considering the average bonded bar capacity, 242 

yf , the average shear contribution provided by the bonded shear reinforcement can be 243 

determined as follows: 244 
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( )cot cot sinv
s y v

d
V f A

s
   = +   (22) 245 

5.1.1 Simplification for design 246 

Typically, RC members with shear reinforcement exhibit large diagonal cracks at shear failure, 247 

thus the maximum bond is reached within the zone ZD [26-30]. In that case, the square root term 248 

in Eq. (19) is close to 1 and the bond efficiency factor,  , can be determined with Eq. (23).  249 

( )( )( )2.5
1 0.4 1

1
/ sin

bar d d a d

v

k

d




− − −  
=    (23) 250 

Fig. 5 compares the average bond efficiency factor   determined from Eqs. (19) and (23) for a 251 

typical RC member with different types of bonded shear reinforcement. It can be observed that for 252 

a crack width larger than about 0.7 mm, the difference between Eq. (19) and (23) is very small 253 

(less than 4%), and this difference decreases for a larger crack. Also, it can be seen that the steel 254 

yield stress has a very little effect on   determined with Eq. (19).  255 

 256 

Fig. 5 – Bonded reinforcement efficiency factor determined with Eqs. (19) and (23) according to 257 

the critical shear crack width for a typical RC member 258 

5.2 Shear contribution of concrete  259 
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Referring to Fig. 4, the difference in average crack widths, 
w , affecting the shear contribution of 260 

concrete, 
cV , can be determined for a specific shear crack location, 

crx , depending on the 261 

intercepted zones ZD, ZT and ZS. Considering that the shear crack location is variable, the 262 

distribution of 
w  can be determined along the member as illustrated in Fig. 6 for the case of a 263 

shear crack intersecting two bonded bars. This distribution follows a repeating pattern 264 

characterized by three typical values of 
w  associated with the three cases illustrated in Fig. 4 and 265 

the zones ZD, ZT and ZS activated by the shear crack.  266 

 267 

Fig. 6 – Difference between the crack widths, 
w , corresponding to 

sV  according to the shear 268 

crack location determined along the member (refer to Fig. 4) 269 

For the bonded bars being intercepted in the zone ZS, the shear reinforcement yields and the 270 

difference in average crack width, 
ws  can be determined as follows:  271 

ws by syw w = −   (24) 272 

Where 
byw  and 

syw  are the crack width at yielding of a bonded bar (Eq. (17)) and a stirrup, that 273 

can be determined from the Fernández Ruiz et al. [61] model as follows: 274 
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2

2
32.5

b y

sy

w s c

d f
w

k E f
=


  (25) 275 

Eq. (25) is similar to the one proposed by Fernández Ruiz et al. [25] and considers the orientation 276 

of the crack with the parameter 
wk  [51] and a bond strength between a steel bar and the 277 

surrounding concrete of 0.6 2/3

cf   [61, 67]. For the case with at least one bonded bar being 278 

intercepted in zone ZD, the average bonded bar displacement at a crack prior to debonding 279 

corresponds to the slip 
1s  and half of 

byw  determined for an average axial stress of 0.4
yf  increased 280 

by the effect of the anchorage length 
a

. The difference in crack width, 
wd , can be simplified 281 

from Eqs. (13), (14) and (25) as follows: 282 

2.5

1 0.2 1d a
wd by sy

w d a d

s
w w

k

     
  = + − −   
  −     

  (26) 283 

Otherwise, the average difference in crack width is given by the behaviour of a bonded bar in the 284 

zone ZT, 
wt . Considering the yielding of the bonded bar, 

wt  can be determined from the 285 

simplification of Eqs. (14) and (25) as follows: 286 

0

0

0.5
4

byd
wt ws

w t d b

f

k f

   
 = +   

 −  
 (27) 287 

More details about the development of Eqs. (26) and (27) can be found in Fiset [51] and Fiset et 288 

al. [53]. When an anchorage plate is used at a bar extremity, the difference in crack width at that 289 

extremity may be considered negligible [62, 63]. Considering that a RC member loaded in shear 290 
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typically contains many diagonal cracks randomly distributed, 
cV  can be determined from an 291 

average value of 
w  given as follows: 292 

0w d wd t wt s wsp p p =  +  +     (28) 293 

In Eq. (28), 
dp , 

tp  and 
sp  are the proportion of the member affected by 

wd , 
wt  and 

ws , 294 

respectively. These proportions may be estimated graphically as illustrated in Fig. 6. Considering 295 

the average increase in crack width, 
w , given in Eq. (28) for partially developed bonded bars 296 

results in an increased crack width, w  , given in Eq. (21). Then, substituting Eq. (21) into the 297 

aggregate interlock expression in the right hand side of Eq. (6), the expression for   accounts for 298 

the increase in crack width, 
w . The resulting expression for   developed by Bentz and Collins 299 

[45] to determine concrete shear capacity can then be adjusted as follows: 300 

0.4 1300

1 1500 1.5 1000x dg w zek s




  
=    + +  +  

 (29) 301 

5.2.1 Simplification for design 302 

Typically, the effect of the zones ZT and ZS are limited since 
tp , 

wt  and 
ws  values are small. 303 

For design, the effect of these two zones may be neglected and Eq. (28) safely can be simplified 304 

as follows (mm and MPa units): 305 
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  (30) 306 

The proportion 
dp  can then be conservatively estimated from Eq. (31), where 

pn  is the number 307 

of extremities of a bonded bar with an anchorage plate. 308 
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  (31) 309 

Fig. 7 compares 
w  determined from Eq. (28) and Eq. (30). In the case of 

dp  = 1 in Fig. 7a and 310 

b, it can be seen that Eq. (30) provides a good approximation for the effects of 
bd , /a d  , 

yf  311 

and 
cf  . 312 

 313 

Fig. 7 - Comparison between 
w  determined from Eq. (28) and Eq. (30) as a function of a) cf 314 

and /a d  , and b) 
yf  and 

bd  of vertical bonded reinforcing bars 315 

5.3 Maximum spacing and minimum reinforcement 316 

The design codes specify a minimum amount of shear reinforcement and a maximum longitudinal 317 

spacing of stirrups [35, 68-70]. The minimum amount of shear reinforcement is provided to prevent 318 

a brittle shear failure at first diagonal shear cracking. The maximum longitudinal spacing of 319 

stirrups is specified to ensure that a diagonal shear crack intercepts at least 2 consecutive shear 320 

reinforcing bars. Members with at least the minimum amount of shear reinforcement and that 321 

satisfy the maximum stirrup spacing provide better crack control, a larger shear capacity and some 322 

ductility compared to members without shear reinforcement [68-70]. For wide concrete sections 323 
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and slabs, Lubell et al. [71] and Serna-Ros et al. [72] also suggested limiting the transverse spacing 324 

of shear reinforcing bars, 
ws , to the member depth. Considering the average lower bonded bar 325 

contribution, these requirements can be expressed as follows: 326 

c

v w

y

f
A C b s

f


   (32) 327 

( )0.5cotv vs k d  +   (33) 328 

ws d   (34) 329 

In these equations, C  and 
vk  are parameters defined by codes for stirrups ( C  = 0.060 and 

vk  = 330 

0.75 for CSA-S6 [37], C  = 0.083 and 
vk  = 0.80 for AASHTO [38] and  = 0.080 and  = 0.83 331 

for fib [35]). The parameters C  and 
vk  were chosen to match those in CSA-S6 because both the 332 

proposed design approach and CSA-S6 are based on the MCFT.  333 

5.3.1 Effect of the maximum bar spacing 334 

The effect of the bonded bar spacing is presented in Fig. 8 and Fig. 9. In these figures, the average 335 

values corresponding to the proposed design method are compared to the discrete values 336 

determined at a crack, considering the bonded bar embedment defined by the crack location, 
crx . 337 

The value of w , and the shear resistance contributions, 
cV  and 

sV , in a member with bonded bars 338 

are schematically represented according to 
crx  in Fig. 8 for three similar members. The members 339 

illustrated from Fig. 8 a) to c) contain the same amount of vertical bonded shear reinforcement 340 

/v wA b s  corresponding to the minimum permitted by Eq. (32). The ratio   and the material 341 

properties are the same for all members so that it may be expected that the three members have 342 

C vk
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similar average capacities 
cV  and 

sV , and the same shear cracking orientation,  . However, the 343 

longitudinal spacing of the bonded bars, s , increases from Fig. 8 a) to c), with a longitudinal 344 

spacing s  = 
v vk d  corresponding to the maximum permitted by Eq. (33) in Fig. 8b). Therefore, 345 

the values at cracks differ along the member due to the bonded bar spacing. The resulting average 346 

shear strengths, 
avgV , are compared in Fig. 9 to the ones determined at cracks, 

crackV , according to 347 

the bonded bar spacing for different angles used to define the maximum spacing.  348 

 349 

Fig. 8 - Shear strength of similar RC members with a) closely spaced bonded bars, b) bonded 350 

bars spaced at the maximum spacing for bonded bars, 
v vk d , and c) bonded bars spaced at the 351 

maximum spacing for stirrups, 
v vk d   352 

When the bar spacing is smaller than the maximum proposed by Eq. (33), it can be seen from Fig. 353 

8a that all cracks inclined at an angle   intercept a similar number of zones ZD, ZT and ZS. The 354 
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shear resistance mechanisms 
cV  and 

sV , and the shear capacity determined along the member are 355 

very similar to the average values.  356 

When the bar spacing corresponds to the maximum permitted in Fig. 8b, the bonded shear 357 

reinforcement capacity is 
sV  = 2 v yA f  and its distribution along the member is relatively constant. 358 

Cracks may intercept different portions of the member so that the difference in crack width, 
w , 359 

varies more along the member as well as 
cV . It can be seen in Fig. 9 that the ratio 

crackV /
avgV  is 360 

generally between 0.88 and 1.12 when the bonded bar spacing respects the maximum proposed in 361 

Eq. (33) ( / vs d  ≤ 
vk  for vertical bars). This ratio becomes closer to 1.0 for a smaller spacing.  362 

When the bar spacing is larger than the maximum proposed for bonded bars by Eq. (33), few 363 

cracks may develop less than two bonded bars. For the member illustrated in Fig. 8c, the bonded 364 

bars spacing corresponds to the maximum spacing for stirrups ( s  = 
v vk d ) so that a crack may 365 

intercept a bar at its very extremity. For that crack within the zone ZD, one bonded bar is developed 366 

(
sV  = 

v yA f ), which corresponds to half the number of bars developed in the member respecting 367 

the proposed maximum spacing in (b). Moreover, the development of the bonded bars required a 368 

large crack in the zone ZD (
wd  ≈ 1 mm), leading to a 

cV  at the crack that is smaller than the 369 

average value and, also, a lower value of 
sV . On the other hand, few cracks may intercept 2 bonded 370 

bars within zone ZS resulting in a larger 
cV  and 

sV  = 2
v yA f . That explains the large variation of 371 

shear strength (ratio 
crackV /

avgV  between 0.72 and 1.23) for values of / vs d  between the value of 372 

vk  (Eq. (33)) and the maximum permitted value of 
vk  for stirrups as illustrated in Fig. 9.  373 

 374 
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 375 

Fig. 9 - Comparison between the average shear strength and the values determined at cracks in a 376 

RC member with the minimum amount of vertical reinforcement (  = 90°) according to the 377 

bonded bar spacing and the angle used to define the maximum spacing 378 

6 VALIDATION OF THE SHEAR DESIGN METHOD 379 

6.1 Description of test specimens 380 

Table 1 presents the properties of shear critical members strengthened in shear with embedded-381 

through-section (ETS) steel reinforcing bars. Forty-seven beams without stirrups and 10 beams 382 

with stirrups were shear strengthened with ETS steel bars. Among these beams, 30 were 383 

strengthened with vertical steel ETS (  = 90 degrees) and 27 were strengthened with steel ETS 384 

at an angle,  , of 45 degrees. In Table 1, the number of specimens of the same geometry is 385 
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indicated by n . For those beams with the same geometry, the failure shear, 
testV , is reported as the 386 

average value of the n  tests because of the small variation in the results. 387 

 388 

        ETS bars Stirrups  

Tests [ref] n  cf   
wb  h  d  s  

vA  s    bd  yf  
vA  s  yf  

testV  

   MPa mm mm mm % mm² mm deg mm² MPa mm² mm MPa kN 

1B [28] 1 33.5 610 450 370 3.10 400 240 90 16.0 480 - - - 470 

2B [28] 2 34.9 610 450 398 2.06 200 260 90 11.3 436 - - - 301 

3B [28] 2 35.6 610 750 699 1.17 400 470 90 16.0 480 - - - 496 

#2 [27] 2 34.5 610 750 694 1.65 400 380 90 16.0 448 - - - 754 

#3 [27] 2 32.6 610 750 694 1.65 800 380 90 16.0 448 - - - 878 

R375 [26] 4 40.2 610 750 683 2.04 400 375 90 16.0 449 - - - 819 

R413 [26] 3 39.6 610 750 683 2.04 400 413 90 16.0 449 - - - 685 

SSB-S6@0.7d [30] 1 51.9 110 190 150 0.93 28 105 90 6.0 575 - - - 42 

SSB-S6@d [30] 1 51.9 110 190 150 0.93 28 150 90 6.0 575 - - - 43 

SSB-S8@0.7d [30] 1 51.9 110 190 150 0.93 50 105 90 8.0 530 - - - 44 

SLB-2S8@d [30] 1 51.9 450 350 260 1.26 101 245 90 8.0 530 - - - 353 

H1 [73] 5 32.9 300 410 360 1.31 200 360 45 15.9 547 - - - 222 

H2 [73] 5 35.6 600 410 360 1.31 200 360 45 15.9 547 - - - 371 

H3 [73] 5 35.7 900 410 360 1.31 200 360 45 15.9 547 - - - 523 

H4 [73] 2 31.3 375 410 360 0.79 200 360 45 15.9 547 - - - 222 

H5 [73] 2 31.3 935 410 360 0.79 200 360 45 15.9 547 - - - 405 

0S-S300-90 [32] 1 29.7 180 400 360 2.79 79 300 90 10.0 549 - - - 131 

0S-S300-45 [32] 1 29.7 180 400 360 2.79 79 300 45 10.0 549 - - - 209 

0S-S180-90 [32] 1 29.7 180 400 360 2.79 79 180 90 10.0 549 - - - 154 

0S-S180-90 [32] 1 29.7 180 400 360 2.79 79 180 45 10.0 549 - - - 221 

A3 [31] 1 30.8 150 300 262 2.50 79 300 90 10.0 542 - - - 96 

A4 [31] 1 28.8 150 300 262 2.50 79 300 45 10.0 542 - - - 122 

B3 [31] 1 30.8 300 300 262 1.88 101 300 90 8.0 567 - - - 144 

B4 [31] 1 28.8 300 300 262 1.88 101 300 45 8.0 567 - - - 202 

2S-S300-90 [32] 1 29.7 180 400 360 2.79 79 300 90 10.0 549 57 300 574 189 

2S-S300-45 [32] 1 29.7 180 400 360 2.79 79 300 45 10.0 549 57 300 574 244 

2S-S180-90 [32] 1 29.7 180 400 360 2.79 79 180 90 10.0 549 57 300 574 244 

2S-S180-45 [32] 1 29.7 180 400 360 2.79 79 180 45 10.0 549 57 300 574 303 

4S-S300-90 [32] 1 32.3 180 400 360 2.79 79 300 90 10.0 549 57 180 574 223 

4S-S300-45 [32] 1 32.3 180 400 360 2.79 79 300 45 10.0 549 57 180 574 332 

4S-S180-90 [32] 1 32.3 180 400 360 2.79 79 180 90 10.0 549 57 180 574 248 

4S-S180-45 [32] 1 32.3 180 400 360 2.79 79 180 45 10.0 549 57 180 574 340 

A5 [31] 1 30.8 150 300 262 2.50 79 300 90 10.0 542 57 300 559 139 

B5 [31] 1 30.8 300 300 262 1.88 101 300 90 8.0 567 57 300 559 234 
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 Note: 
cf   taken as 85% of the compressive strength measured on cubes [35] 389 

Table 1 – Summary of properties and shear strengths of members with ETS steel bars 390 

 391 

6.2 Comparison of predictions with experimental results  392 

Fig. 10 compares the predicted capacities with the shear strengths, 
testV . Fig. 10a compares the 393 

nominal capacities, 
csaV , determined with Eq. (1) to (7) for members assuming that the shear 394 

reinforcement consists of conventional stirrups (  = 1, 
w  = 0). Fig. 10b and c compare the 395 

strength predictions using the detailed method, 
detV , and the simplified method, 

simV , with the 396 

values of 
testV . For the case of ETS steel bars and stirrups, the additional strength provided by ETS 397 

bars (Eq. (22) is added to the 
sV  term in Eq. (3).  398 
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 399 

Fig. 10 - Comparisons between experimental and predicted shear capacities of members with 400 

ETS steel reinforcing bars, according to a) CSA-S6 [37] for stirrups, b) the detailed design 401 

procedure , 
detV , and c) the simplified design procedure, 

simV  402 

In Fig. 10, in contrast to Table 1, the actual shear strength values for each specimen were used 403 

rather than the average values of n  tests. The tables in Fig. 10 examine not only the overall 404 

accuracy of the prediction methods, but also the influence of stirrups and the influence ETS steel 405 

bar angle. The predicted strengths, 
csaV , assuming that the members were strengthened with 406 

stirrups, result in a number of unconservative predictions. Although the /test csaV V  has an average 407 

value (avg) of 1.00, it has a high coefficient of variation (CoV) of 20%. For the 4 members tested 408 
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by Valerio [30] as well the members tested by Barros and Dalfré [31] and Breveglieri et al. [32], 409 

the anchorage length 
a

 is practically deep enough to fully develop the bonded bars within 
vd  410 

and the bonded shear reinforcement behaves similarly to stirrups. For these members, the proposed 411 

method predictions are close to the code predictions, which confirms the influence of the 412 

anchorage length, 
a

, on the bond behavior.  413 

For the proposed methods, the shear capacities are generally accurately estimated. For the 414 

detailed and the simplified methods, the average test to predicted strengths are 1.09 and 1.10 and 415 

the CoV are 15% and 15%, respectively. The CSA, detailed and simplified methods give 416 

conservative predictions for the case when stirrups are present. The detailed and simplified 417 

methods give generally conservative strength predictions for all cases without stirrups, with 418 

slightly more conservative predictions for ETS steel bars at 45°.  419 

Models that predict the shear capacity of steel ETS bars have been proposed by Breveglieri et 420 

al. [34], while other models examine the influence of FRP ETS [24, 42]. It is noted that there are 421 

significant differences in the models proposed by Breveglieri et al. [34] and the method described 422 

in this paper. Breveglieri et al. [34] developed an empirical model based on 19 tests, 3 of which 423 

failed in flexure-shear. He also developed a mechanical model that used the crack angle observed 424 

in his test results.  425 

The model developed in this paper in based on the Modified Compression Field Theory together 426 

with accounting for the bond characteristics of the embedded bars. The results were validated with 427 

57 specimens from the literature and the two methods proposed provide generally conservative 428 

predictions suitable for design. 429 

7  CONCLUSIONS 430 
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Several authors have proposed using embedded-through-section steel reinforcing bars to increase 431 

the shear capacity. While this shear strengthening method can significantly increase the shear 432 

capacity, current shear design methods specified by codes were developed for anchored stirrups 433 

and can significantly overestimate the capacity of members with bonded shear reinforcement. The 434 

conclusions from this study apply to members strengthened with embedded-through-section (ETS) 435 

steel reinforcing bars. 436 

In a member with ETS steel reinforcing bars, it appears that the bar stress at a crack and thus, 437 

the bonded bar shear capacity, is a function of the bar embedment and the crack width. The 438 

diagonal crack location determines the embedment of a bonded bar. A bonded bar with a small 439 

embedment may require a larger crack to develop their full capacity compared with stirrups that 440 

are well anchored. Moreover, they may fail by debonding before reaching their yield strength. 441 

Consequently, design methods have to be adjusted to account for the behavior of bonded bars.  442 

The shear design method proposed in this paper is based on the modified compression field 443 

theory and considers the average bar capacity within the shear depth according to the bar 444 

development length to determine the shear contribution provided by the ETS steel reinforcing bars. 445 

That average bonded bar capacity must be considered to determine the minimum amount and the 446 

maximum spacing of bonded shear reinforcement. Also, large shear cracks may be expected in 447 

members with ETS steel reinforcing bars, thereby reducing the aggregate interlock. This effect is 448 

considered by determining a crack width increase in the RC member, which is used to reduce the 449 

concrete shear capacity. The detailed and simplified methods proposed in this paper result in very 450 

good shear capacity predictions for members strengthened with ETS steel reinforcing bars. These 451 

methods apply to members with different bars spacings and hence account for the contribution of 452 

partially developed and fully developed bonded bars.  453 
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 605 

APPENDIX – NOTATION 606 

The following symbols are used in the paper: 607 

a  = Shear span, distance between load and support 608 

ga   = Maximum aggregate size  609 

bA   = Area of a reinforcing bar 610 

pA   = Area of a prestressed reinforcement 611 

sA   = Area of longitudinal reinforcement on the flexural tension side of the member 612 

vA   = Area of shear reinforcement within a distance s   613 
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wb   = Width of the web 614 

C   = Coefficient determining the minimum amount of shear reinforcement 615 

d   = Distance from the extreme compression fiber to centroid of tension reinforcement 616 

ad   = Diameter of an anchorage plate 617 

bd   = Diameter of a reinforcing bar 618 

vd   = Effective shear depth, the greater of 0.9 d  and 0.72 h   619 

pE   = Modulus of elasticity of prestressed reinforcement 620 

sE   = Modulus of elasticity of non-prestressed reinforcement 621 

bf   = Equivalent bond strength 622 

byf   = Bond strength when  = 
d

  623 

0bf   = Basic bond strength  624 

cf    = Concrete compressive strength 625 

pof   = Stress in the prestressed reinforcement 626 

scrf   = Bar stress at a crack 627 

yf   = Yield strength of reinforcement 628 

h   = Member height 629 

0k   = Initial stiffness of the bond-slip relationship 630 

ck   = Concrete breakout capacity factor  631 

dk   = Coefficient taking into account debonding of a reinforcing bar 632 

dgk   = Aggregate size parameter 633 

vk   = Maximum spacing ratio of vertical shear reinforcement 634 



 

 36 

wk   = Ratio between the bar displacement at a crack and the crack width 635 

  = Total bar embedment 636 

bar
  = Total length of a bar 637 

a
  = Length of a bar exceeding the effective shear depth 638 

d
  = Development length of reinforcement 639 

t
  = Transition length of reinforcement 640 

uM   = Moment at the section 641 

pn   = Number of reinforcing bar extremities with a mechanical anchorage system 642 

uN   = Axial load normal to the cross section of a member (positive in tension) 643 

dp   = Proportion of the member affected by 
wd   644 

tp   = Proportion of the member affected by 
wt  645 

sp   = Proportion of the member affected by 
ws  646 

0   = Simplified bond slip curve parameter 647 

s   = Longitudinal spacing of transverse reinforcement 648 

zes   = Equivalent crack spacing parameter  649 

1s   = Slip at the beginning of the bond strength plateau 650 

2s   = Slip at the end of the bond strength plateau 651 

cV   = Shear attributed to the concrete 652 

nV   = Nominal shear capacity 653 

uV   = Shear at the section 654 

sV   = Shear attributed to shear reinforcement 655 
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w   = Crack width 656 

byw   = Crack width at yielding of a bonded bar 657 

syw   = Crack width at yielding of stirrups 658 

crx   = Location of a crack 659 

   = Angle between inclined shear reinforcement and longitudinal member axis 660 

   = Factor accounting for shear resistance of cracked concrete 661 

w   = Crack width increase due to bond slip 662 

wd   = Crack width increase due to the behavior in the zone ZD 663 

wt   = Crack width increase due to the behavior in the zone ZT 664 

ws   = Crack width increase due to the behavior in the zone ZS 665 

1   = Principal tensile strain 666 

x   = Longitudinal strain at mid-depth of a member (positive when tensile) 667 

   = Efficiency of a bonded bar, ratio between average capacity and bar yield strength 668 

   = Factor considering the reduction of the concrete breakout capacity for inclined bars 669 

   = Angle between diagonal compression stress field and longitudinal member axis 670 

s   = Ratio of longitudinal tension reinforcement 671 


